Higher-order gravity models have been recently the subject of much attention in the context of cosmic acceleration. These models are derived by adding various curvature invariants to the EinsteinHilbert action. Several studies showed that these models can have late-time self-acceleration and could, in some cases, fit various observational constraints. In view of the infinite spectrum of invariants that could be built from curvature tensors, we propose here a method based on minimal sets of independent invariants as a possible route for a systematic approach to these models. We explore a connection made between theorems on bases in invariants theory in relativity and higher-order cosmological models. A dynamical system analysis is performed and some models with accelerating attractors are discussed. The asymptotic behavior of the models is also studied using analytical calculations.
I. INTRODUCTION
Several cosmological observations [1] established that the expansion of the universe entered a phase of acceleration. The cosmic acceleration can be caused by a repulsive dark energy component that has a negative equation of state, or, a modification to gravity at cosmological scales, see for example the reviews [2] . The cosmic acceleration and the dark energy associated with it constitute one of the most important and challenging current problems in cosmology and all physics.
As for modified gravity models, there has been recently much interest in studying higher-order gravity cosmological models. A bibliography search [3] shows that nearly 300 papers studying these models have appeared in the last 3 years. The models are derived from curvature invariants that are more general than the Einstein-Hilbert action used in general relativity and standard cosmology, see for example [4, 5, 6] and recent reviews [7, 8] and references therein. Previous studies showed that the models can have some interesting dynamical features such as a late-time self-accelerating expansion without a dark energy component. It was also shown in some papers that they can have early-time inflation as well, e.g. [9, 10, 11] , thereby providing a unification scenario for the two cosmic accelerating phases. In these models, the acceleration is a consequence of how the matter is coupled to the space-time. Some of the models were found to fit cosmological observations [12, 13, 14] and other models fit solar system tests [15] . However, other papers claimed that some of the models studied fail solar system tests [16] or at least under some conditions [17] , but this has been contested in, for example, [18] , and also in [19] , where models that pass these tests were discussed. In addition to the phenomenology, it has been argued that the models have theoretical motivations within unification theories of fundamental interactions and within field quantization on curved space-times [23, 24] . However, previous studies stressed that the models considered were chosen somewhat randomly due to the large spectrum of possible curvature invariants [4, 20] and a systematic approach to these models is highly desirable [21, 22] . Such a systematic approach could allow one to study methodically various possibilities in this class [21, 22] and would allow one to make more general and more conclusive statements about the models.
In this paper, we propose a method based on minimal sets of invariants as a possible systematic approach to the models. We explore an idea based on theorems from the theory of invariants in general relativity [25, 26, 27] in order to develop a systematic framework that allows one to substantially reduce this very large class of model to a systematic list (taxonomy) of models. The idea is that curvature invariants are not independent from each other and, for a given algebraic type of the Ricci tensor (see for example the Segre classification [28, 32] ) and a given Petrov type of the Weyl tensor (i.e. symmetry classification of space-times), e.g. [29, 30, 31, 32] , there exists a complete minimal independent set (basis) of these invariants in terms of which all the other invariants may be expressed. The connection between these theorems and higher-order cosmological models has not been explored before. As an immediate consequence of the proposed approach, the number of independent invariants to consider is reduced from infinity to six in the worst case and to only two in the cases of primary interest, including all Friedmann-Lemaitre-Robertson-Walker metrics. We use here the consequences of this connection in order to approach the models and study their dynamics. This should set the stage for future studies where the models will be submitted to various solar and cosmological observational constraints.
II. HIGHER-ORDER GRAVITY MODELS
We refer the reader to some of the work discussing these models in some detail, see for example [4, 5, 6] and recent reviews [7, 8] and references therein, however, let us briefly introduce the models here. In these models, various curvature scalars are usually added to the Ricci scalar into the gravitational action leading to new field equations. The new field equations change how the content of the universe is coupled to its curvature. Let us recall that the Einstein field equations and the standard Friedmann cosmology are derived from variation of the Einstein-Hilbert action:
where M p = (8πG)(−1/2) is the reduced Planck mass, R = g αβ R αβ is the Ricci scalar constructed from the metric tensor g αβ and the Ricci tensor R αβ , and L m is the matter-energy Lagrangian. Applying variational calculus to the equation above leads to the usual Einstein equations and the usual Friedmann equations for standard cosmology:
The higher-order invariant models under discussion have a more general action of the form
where R αβγδ is the Riemann curvature tensor and f is a function of the curvature invariants. It can be quickly realized that there are an infinite number of curvature invariants that one can construct from combinations of the metric tensor, the Ricci tensor, and the Riemann tensor and their powers. Relevant to the question of cosmic acceleration, it has been shown in previous studies that some models with inverse powers of these scalars have negligible contribution to the dynamics at the proximity of strong gravitational fields but then start contributing significantly to the dynamics at very large (cosmological) scales producing an accelerating expansion. For example many papers have focused on inverse powers of R and also in some cases inverse powers of combinations of R, R αβ R αβ and R αβγδ R αβγδ , e.g. [4, 12] .
III. MINIMAL SETS OF CURVATURE INVARIANTS AND HIGHER ORDER GRAVITY MODELS
Curvature invariants are important in general relativity studies since they allow a manifestly invariants characterization of some properties of spacetimes. There has been some pioneering work by [25, 33, 34, 35, 36, 37, 38] and then a renewed interest by several recent papers [26, 27, 39, 40] . This long series of studies resulted in theorems about minimal sets of invariants and classifications of spacetime manifolds. It was shown for example in [26, 27] that there are at most 14 independent real algebraic curvature invariants in a 4-dimensional Lorentzian space. The number of independent invariants depends on the symmetries of the spacetime as delineated by the Petrov classification [29, 30, 31, 32] and also the algebraic type of the Ricci tensor as for example described by the Segre classification [28, 32] ). The other invariants of the spacetime can be written in terms of this complete minimal set (basis).
The Petrov classification is based on the algebraic structure of the Weyl curvature tensor C αβγδ . In an n-dimensional spacetime, the Weyl tensor is related to the Riemann and Ricci tensors by
The Petrov symmetry classification types are noted by {Type I, II, D, III, N, O} and can be understood in the following way. One can consider the Weyl tensor as a fourth-rank tensor operator acting on bi-vectors of spacetime. Like in linear algebra, the eigenvalues and eigenbivectors will have some multiplicities. These multiplicities indicate symmetries of the Weyl tensor acting as an operator and also the symmetries of the space-time. These multiplicities are also related to the principal null directions and determine the Petrov type of the space-time. The Petrov classification's theorems give, for example, type I as the most general case with four independent null directions and type O as the simplest case. Current studies, using additions of invariants to the Einstein-Hilbert's action, have been done using the flat Friedmann space-times. With the approach that we propose, the simplest case (Type O) still covers all the Friedmann-Lemaitre-Robertson-Walker metrics. Next, the Segre classification is based on the algebraic structure of the trace-free Ricci tensor given by
where the tensor is viewed as a second-rank operator acting on space-time vectors. The eigenvalue equation
is then considered and the classification is based on the multiplicity of the eigenvalues and also whether the eigenvectors are null, timelike or spacelike (see e.g. Chap. 5 in [32] ). For example, the Friedmann-Lemaitre-Robertson-Walker metrics are of Segre type A1-[(1 1 1, 1)] with two eigenvalues, one with multiplicity 1 and the other with multiplicity 3 (three equal trace-free Ricci components) and this is the type of interest that we consider in the next section. It is worth clarifying that Petrov and Segre classifications depend on the symmetries of the space-time metric under consideration and were originally derived without reference to source fluids. Indeed, most papers as for example [25, 27, 35, 36, 39] derived and discussed minimum sets of invariants in terms of the algebraic Segre and Petrov types without reference to source fluids, while [26] considered the type of source fluid in their discussion as obtained via the Einstein field equations. Since we study here modified gravity models where the field equations are not anymore the Einstein equations, we thus consider the minimum sets from the point of view of the algebraic Segre and Petrov classifications of the space-time manifold. Now, as it was derived in original papers on curvature invariants, the elements of the basis can be built from contractions of the trace-free Ricci tensor plus those of the Weyl tensor above, C αβγδ , as given by equation (4) and the complex conjugate of its self-dual tensor, i.e.C αβγδ [26, 27] .
The first element of the basis is the Ricci scalar, R. The following elements are usually put into three categories. The elements that are built from contraction of trace-free Ricci tensors only are noted with names starting with an r in the notation of [26] or with an E in the notation of [35] , as for example
Then there are pure Weyl elements starting with w in the notation of [26] or with an C in the notation of [35] , such as
and mixed elements starting with m in the notation of [26] or with an D in the notation of [35] , as for example,
We use here a notation similar to, for example, Table II in [26] except that we use R1 uppercase with no-subscript instead of r 1 as they did. We chose this small change of notation in order to be close to the recent notation using capital letter for invariants used to construct higher order gravity models e.g. [4] such as P = R αβ R αβ and Q = R αβγδ R αβγδ . These previous studies on invariant theory were focused on building minimal sets in mathematical relativity with no reference to higher-order gravity models. We study here the implications of this connection with higher-order cosmological models and their dynamics.
IV. HIGHER-ORDER GRAVITY MODELS BASED ON MINIMAL SETS
Aiming to proceed in a systematic way, we consider a Petrov classification of type O (the simplest) and a Segre type A1-[(111), 1] [28, 32] . As mentioned earlier, this case includes all the Friedmann-Lemaitre-Robertson-Walker manifolds. In this case the basis of invariants reduce to only two elements, see for example [26, 27, 35] , namely
or similarly {R, E (1) }. A subtle point here is that the invariant R1 = 1 4 S α β S β α is built from the trace-free Ricci tensor and is a true second element for the basis since it is independent from R, unlike the commonly used P = R αβ R αβ .
Indeed, the trace part, R, is removed from R1 but this is not the case for P . The consequences of this are reflected as a significant difference between the dynamical equations that are derived respectively from models built using P or using R1, in the sense that {R, R1} provides a simpler and independent set of building blocks to construct such theories. In order to illustrate this, let's consider the flat Friedmann-Lemaitre-Robertson-Walker metric,
where a(t) is the scale factor. Next, we calculate the contribution of − m 6 R1 to the generalized Friedmann equation and find
where m is defined in the usual way to have dimensions of mass, an overdot signifies taking the derivative with respect to cosmic time, and H(t) =ȧ P that was previously used in the literature, the addition to the Friedmann equation is given by
One can see immediately that the dynamical equation from R1 is significantly reduced compared to the one built from P . Equations (12) for R1 is free from any redundancy present in equation (13) for P . While the two constructions lead to different theories, the basis {R, R1} provides the simplest independent set of building blocks to construct systematically such theories. Similar simplifications are expected for other higher-order invariants models in the taxonomy. Next, we derive the general field equations for f (R, R1) models using the action of the form
that we vary with respect to the metric and we find
where we have used the definitions f R ≡ ∂f ∂R and f R1 ≡ ∂f ∂R1 . We study the dynamics of some f (R, R1) models in the next sections.
Let's construct some examples based on the minimal set {R, R1}. We use some guidance from previous studies [24, 41, 42, 43, 44, 45] in order to satisfy some conditions for building models with physical degree of freedom. As discussed in these papers, a theory with action R + f (GB) can be re-written as the Einstein-Hilbert action plus a GB-function coupled to a scalar field φ with potential U (φ), i.e. R + f (φ)GB − U (φ) [45] . In the latter frame, the theory becomes like that of a Gauss-Bonnet one where the equations of motion (EOMs) then decouple into second order equations for the metric and for each scalar field involved. For example, [45] derived some conditions for GBlike invariants so that the EOMs do decouple into second order equations for the metric and each scalar field. It is worth clarifying that the decoupled equations are not the background field equations in the R + f (GB) frame where the Friedmann equation (the 00-field equation) contains third derivatives of the metric. As discussed in [45] , the cancellation of fourth order derivatives in the decoupled equations is a necessary condition to have a theory free from massive spin-2 gravitons (ghosts) [24, 41, 42, 44, 45] . The condition imposes for us some relations between the parameters that we can use in order to combine R and R1. The first example we consider is where the function is that of the pure GB invariant given by, e.g. [24, 41, 44, 45] , . In the first order phase portrait of the coordinate plane (x, v), we find an accelerating attractor with the scale factor a(t) evolving as t p where p = 5. There is also a repeller at p = 1. RIGHT: In the second order phase portrait with coordinates (Ḣ, H), the solid-line branches are the accelerating ones with attractor having the scale factor a(t) as indicated on the left. The dashed line is the separatrix solution where −Ḣ/H 2 = 1 and corresponds to the repeller at p = 1. The horizontal axis on the right is dH/dt.
where we can recall the earlier conventional definitions for these scalars P = R αβ R αβ and Q = R αβγδ R αβγδ . Now using the identity
setting C 2 = 0 for Friedmann manifolds, and writing the result in terms of {R, R1} reduces the GB invariant to
We are interested in inverse powers of these invariants and, in a systematic way, the first example to explore should be
Now, to investigate if the model has a late time self-acceleration phase, we perform a dynamical system analysis. Following previous studies, we simplify the study to vacuum solutions to study asymptotic behavior of the universe since the inclusion of matter at late times as dust will not significantly contribute to the dynamics. However, one may question if the separatrix analysis done further below between matter dominance and vacuum dominance will not be affected by such a simplification. This question was addressed in [4] where it was shown that adding matter to the vacuum analysis will not affect the fixed points for power-law solutions. It is also reassuring that some of our results on the separatrix analysis using dynamical systems for vacuum are consistent with results from other studies [45] that used analytical derivations and showed that such separatrix are present in similar models. Nevertheless, it remains of interest to verify this assumption using our approach in future work. Now, for the Friedmann equation from variation of R + f (R, R1)) reads
As usual, see for example [4] , we parameterize the second order differential equation in H(t) to a first order differential equation in y(x) by setting x = −H(t), y =Ḣ(t), soḦ = −y dy/dx by expanding the differential by separation of variables in dḢ/dt and perform a phase portrait analysis of the Friedmann equation. For cosmologically significant accelerating solutions, we examine power-law solutions that take the form a(t) ∝ t p in which we examine the relationshipḢ = −H 2 /p or y = x 2 /p. In the same way, we define the asymptotic function v(x) as
with v = 0 so that
We draw attention to a strong point in [4] , if Ḣ = |y| → ∞, then |v| → 0 if x = 0. Clearly, this means with x non-zero, as v → 0 we anticipate the singularity Ḣ → ∞. We can now convert equation (19) into a first order Friedmann equation
which allows us to study the asymptotic behavior of the solutions to this equation at late times as seen in the phase portrait on the left side of Fig. 1 . The attracting solutions for the asymptotic future are close to x = 0 and at earlier times in the evolution of the universe lie in the negative values of x because the earlier parameterization of x = −H(t) denotes the x-axis as the negative of the Hubble parameter. However, since we are interested in asymptotically vacuum solutions, we can analytically solve for these late time solutions, as well. For this, we solve for v(x) as x → 0 in (22)
noticing that as H → 0, v 0 → p = constant in equations (20) allows us to see that the asymptotic solutions of equation (23) have constant values of v 0 = 5, 1, 0 corresponding to power-law expansion with an attractor p = 5 and a repeller at p = 1 as seen in Fig. 1 . The solution for p = v 0 = 0 corresponds to y =Ḣ → ∞ which is a singularity, also discussed in [4] . The attractor needs to be greater than 1 for accelerating expansion (this can be seen directly from using a(t) ∝ t p into the deceleration parameter (26)), so we assume some initial conditions (ä > 0) will eliminate the universe finding itself at solutions of p = 0, 1. In fact, these last two solutions are singular points for the generalized Friedmann equation (19) and the presence of a singularity at p = 1 is problematic, because as we discussed earlier, due to the equivalence of matter and vacuum fixed point solutions as shown in [4] , which we have assumed throughout this paper, this solution of p represents the transition point from matter domination (deceleration) to the accelerating phase, i.e. the point whereä = 0. If this point cannot be crossed, it means that there is a separatrix at this solution, rendering the action cosmologically not viable. Both singularities are evident from the Friedmann equation (19) second order in H(t), where, the denominator equals zero foṙ
where using power law solutions, a(t) = t p , translates into
and confirms the singular points p = 0, 1. The singularities, if any, will come from any real solutions to equations equivalent to (25) . The singular point p = 1, as confirmed by our earlier dynamical system approach was identified as a repeller. This is also a separatrix not allowing for the transition from matter domination to an accelerating phase. Where as, the attractor at p = 5 shows that the model with inverse powers of the pure GB action expressed in the basis {R, R1} do have the desired accelerating late-time behavior, we should try to find actions without this separatrix and transition problem. In looking at the more traditional second-order phase portrait in the coordinate plane of (Ḣ, H) we can also see the attractor in Fig. 1 . The solid lines leading to the accelerating attractor and the dotted line for the non-accelerating solution. More explicitly, in this Einstein-frame we can consider the analysis of the deceleration parameter [46] 
where due to gravitational attraction it was thought that the universe was slowing down in its expansion at the time q was defined, a positive q meant deceleration. So, for q < 0 we have acceleration as −1 −Ḣ/H 2 < 0, or we can define a condition for the accelerating expansion as
Using this acceleration condition in the phase portrait of the right side of Fig. 1 , we can see that coordinates of (Ḣ, H 2 ) < 1 will be leading to accelerating attractors and coordinates of (Ḣ, H 2 ) > 1 will be non-accelerating. We can now see in Fig. 1 that the dashed line corresponds to the separatrix, −Ḣ/H 2 = 1 because the solutions above this curve would be accelerating corresponding to the p = 5 attractor, and any solutions below this curve would be non-accelerating of which we have none for this model. Also, notice that the de Sitter solution is at (0, 1).
In looking to eliminate other models that contain theä = 0 separatrix, we continue in a systematic way, by generalizing this same analysis as actions with pure GB forms written in the basis {R, R1} to
where α is a dimensionless constant and n > 0 is an integer, for both phase spaces, for which the general Friedmann equations for models of this type become
We can now convert equation (29) into a first order generalized Friedmann equation
We can analytically solve for the late-time solutions, in this general case as well. For this, we solve for v(x) as x → 0 in (30)
This asymptotic approach yields constant values of v 0 = 0, 1, 4n + 1, where we have seen a specific study of the case where n = 1, (see Fig.1 ) allows us to determine that these solutions correspond to an accelerating attractor at p = 4n + 1, a singularity at p = 0 and a singular repeller at p = 1. For confirmation of the separatrix, we study the denominator of the Friedmann equation (29) , to find the singular points where the denominator vanishes. Again, even in the generalized pure GB model, the nontrivial part for this study comes fromḢ + H 2 = 0 which is solved in the same way for the singular point p = 1, as confirmed by our earlier dynamical system approach.
So, we see that these pure GB models have a late-time accelerating power-law attractor as desired however they also have a separatrix and thus fail to provide a passage from matter domination to late-time self acceleration. We have shown this separatrix explicitly here using dynamical systems in our basis {R, R1}, a result that is consistent with previous claims [45] . In order to avoid this limitation, we will look in the next section at non-pure GB models.
Using the basis {R, R1}, we re-express here models based on the general invariant obtained from
where, as discussed in [45] (see the begining of our previous section), the fourth-order derivatives in the decoupled equations are eliminated by using the combination a 2 = −4a 3 [45] of the dimensionless constants, a 1 , a 2 , and a 3 . In the previous section, we considered models with functions of the pure GB invariant where we also required a 1 = a 3 but here we relax this condition. We use again (17) with C 2 = 0 to derive in terms of the basis {R, R1} the combination
where we can see by setting a 1 = a 3 we return to the pure GB form. So, we must set a 1 = a 3 to avoid the separatrix atä = 0 described in previous section. For example, we choose a 3 = 1 and a 1 = 1/2 to build the inverse action f (R, R1) = m . In the first order phase portrait of the coordinate plane (x, v), we find an accelerating attractor with the scale factor a(t) evolving as t p where p ≈ 2.9078 and the non-accelerating attractor with p ≈ 0.96725. RIGHT: In the second order phase portrait with coordinates (Ḣ, H), the solid-line branches are the accelerating ones with attractor having the scale factor a(t) as indicated on the left. The dashed lines are non-accelerating. The horizontal axis on the right is dH/dt.
where the minus sign in front of the function was absorbed into the denominator. Variation of this action with respect to the metric will lead to equations of motion that give the following Friedmann equation
The phase portrait for equation (35) in the coordinate space (Ḣ, H) is shown in Fig. 2 , where we can see two attractors. With the acceleration condition we can see in the phase portrait of the right side of Fig. 2 , that coordinates of (Ḣ, H 2 ) < 1 will be leading to accelerating attractors and coordinates of (Ḣ, H 2 ) > 1 will be non-accelerating attractors. The solid lines lead to the accelerating attractor, and the dashed lines lead to the non-accelerating attractor. Also, notice that the de Sitter solution is at (0, 1).
For the study of power-law solutions in a(t) ∝ t p we convert equation (35) using the earlier parameterization in y(x). The Friedmann equation now reads
Its solutions in the space of (x, v) can be seen in Fig. 2 . As an analytical confirmation of these results, we study asymptotic solutions as x → 0 in equation (36) 
where we eliminated the trivial solution. Solving this equation for v 0 = p = constant gives two real solutions and two complex solutions. Only the real solutions, v 0 = 31/16 + √ 241/16 and v 0 = 31/16 − √ 241/16, are of interest for power-law attractors corresponding to p ≈ 2.9078 and p ≈ 0.96725, respectively. Again, only the attractor p > 1 can be of interest for late-time acceleration, so we would need to assume some initial conditions to avoid the nonaccelerating solution. But the other attractor could serve to be useful to fit the universe to some non-accelerating phases allowing for structure formation, see e.g. [4] . A check to make sure that we have avoided all the singular points for this model needs to be performed. A separatrix in the evolution of the universe between radiation domination, p = 1/2, and the transition point, p = 1 would keep the universe from reaching its accelerating phase, so we must make sure there are no singular points within this interval for this model. As before, we need to determine solutions to the denominator of the generalized Friedmann equation (35) 
Now, we transform (38) in the same way as the previous section to write
Solving the nontrivial part of equation (39) yields two complex solutions. Since there are no real non-trivial solutions, we have confirmed no real singular points for this model. Just as hoped, our results on Fig. 2 as well as the analytical confirmation show that this first model from the basis {R, R1} has a late-time accelerating phase seen as a dynamical system attractor and is free from the separatrix problem and thus allows for a transition from a matter dominated phase to an accelerating late-time phase.
Our next example in the basis {R, R1} is the next higher power of the invariant of last section, namely the function
for which we derive the generalized Friedmann equation
The phase portrait for equation (41) in coordinates (Ḣ, H) is plotted in Fig. 3 . Once again, the condition for acceleration from above can be used to see which coordinate solutions (curves) will lead to the accelerating attractors (solid lines) and the non-accelerating solutions (dashed line). The solutions look similar to those in Fig. 2 , but the scalings have been changed in that the solutions approach de Sitter more rapidly. The attractors (curves) have been pushed to the (right) H(t) axis by the more strongly driven accelerating dynamics of this model. This can be also seen in the following analytical examination. We analyze the Friedmann equation for these power-law solutions of a(t) ∝ t p by parameterizing it in y(x) as before. Again, the earlier definitions (20) and (21) are employed to express (41) as
This first-order Friedmann equation is plotted in Fig. 3 . In the phase space of (x, v) we can see our attractors for this system. For our analytical confirmation that these are indeed attractors for late-time acceleration, we study the first-order Friedmann equation (42) as well as two complex solutions. The solutions of interest for this study are power-law attractors corresponding to p ≈ 6.6548 and p ≈ 0.8452, respectively. Again, with at least one accelerating attractor with p greater than 1, so we would need to assume some initial conditions to avoid the non-accelerating solution. The attractor at p ≈ 6.6548 is larger than the 2.9078 obtained for the previous model confirming thus our interpretation above of the dynamical system plots indicating a stronger accelerating dynamics at late times for this model. We can extrapolate that even higher inverse powers of these first two models will have the larger of the two real solutions even more quickly approach the de Sitter solution. Also, upon performing a check to make sure that we do not have any singular points for this model we immediately notice that the nontrivial part of the denominator needed for study from the Friedmann equation has not changed from the previous model. The solutions that cause the denominator of the Friedmann equation to blow up are imaginary. Once again, we will have no real singular points for this model. Therefore, this model has the desired self-accelerating late-time phase and is free from the separatrix problem, allowing thus for a passage from matter domination to cosmic acceleration.
We generalize the two previous models using the following function of the minimal set {R, R1} and write
where α is a dimensionless constant, n > 0 is an integer, and for which the general Friedmann equation reads
where we have used β = a1 − 5/6 to simplify the notation. Recalling the earlier definitions to perform the dynamical systems analysis, we study if actions of this general type will lead to self-acceleration at late times. The generalized Friedmann equation becomes
which allows us to study the asymptotic behavior of the solutions to this equation at late times as seen in the specific examples n = 1 and n = 2 phase portraits of Figs. 2 and 3 respectively. We are looking for late time power-law solutions with the form a(t) ∝ t p , so we need to analytically solve for the general asymptotic solutions, v(x) as x → 0 in equation (46), i.e.
As usual, H → 0, v 0 → p =constant in equations (20) allows us to see that the asymptotic solutions of equation (47) have the general solutions
where Ξ = 240βn + 900β 2 n 2 + 9n 2 + 588βn 2 + 480βn 3 + 2880β 2 n 3 + 2304β 2 n 4 + 24β.
As we will discuss below, these solutions contain at least one attractor with p > 1 that represent a cosmological model with a late-time self accelerating phase. Recalling that we set β = a1 − 5/6, we can see that a1 = 5/6 is a singular point to be avoided. Now, if a 1 = 1 we return to the pure GB form with solutions v 0 = 0, 1, 4n + 1 which suffer from a lack of transition from matter domination phase to an acceleration phase caused by separatrix. However, we are interested in more general models and need to further constrain these general solutions to avoid singular points that could be troublesome for cosmological transitions. Indeed, for a model to be cosmologically viable, separatrix points (singularities) must not exist between the epoch for nucleosynthesis (i.e. p = 1/2) and the transition from matter domination to an accelerating phase (i.e. p = 1). For that, we analyze the denominator of the generalized Friedmann equation (45) searching for singular points. For power law expansion, i.e. a(t) = t p , the denominator of (45) vanishes for
with the non-trivial solutions given by
These are also the first pair of solutions to the general dynamical system approach seen earlier in (48) . If the solutions (51) are real then they constitute singular points for the models. If their values are 1/2 ≤ p ≤ 1 then they represent the undesired separatrix. Now, β is negative for a 1 < 5/6 and equation (51) has no real values thus no singular points. This will then avoid the separatrix problem for the generalized models of equation (44) . In this case, the last two solutions of equations (48) , as separated in the n = 1 case, respectively. Finally, for the general n case, the new boundary terms can be found from
with Σ = 1 + 20n + 149n 2 + 530n
where (+) and (−) solutions will give ranges in the same way as cases n = 1, 2. Next, for a 1 > 5/6, the solutions p 1,2 are real singular points and their exact values must be outside the interval [1/2, 1] in order to avoid separatrix problems. In this case, the previous dynamical solutions (48) are all real allowing for at least one self-accelerating model with p > 1.
Using some guidance from previous studies of f (R) models [47] , we continue the study of inverse functions of the invariant (−R 2 /3 − 8R1) in the basis {R, R1} by considering the addition of an exponential function,
to the action. The variation of our exponential action with respect to the metric, again yields, after some algebra, the Friedmann equation as . The phase portrait in coordinates (Ḣ, H) is not shown because it does not have any real solutions as we shall see by applying the phase-space parameters, in the same way we have used in previous models. The Friedmann equation takes the form . The phase portrait in Fig. 4 for the phase space (x, v) shows that there are no late-time power-law attractors. Analytically, we confirm this result with the asymptotic solution to equation (56) 
1/(−R 2 /3 − 8R1) will only slow this behavior by one term, or expedite it, respectively, neither of which change the overall result for the exponential action.
In sum, the analysis of the series confirms the result from Fig. 4 and equations (57) that the action with the exponential term go to a pure de Sitter behavior.
The same techniques can be applied to study the behavior of a logarithmic action of the form (−R 2 /3 − 8R1) ln (−R 2 /3 − 8R1) where the expansion can be written as
which by collecting a certain number of terms can be simplified to the form ln(z) = 11 6
where we can see a logarithmic action of the form from [47] can be shown to have similar behavior to the exponential action on cosmological scales as we add more higher terms to return the series to its pure infinite form also with a pure de Sitter phase.
X. CONCLUSION
We discussed a systematic approach to higher-order gravity models based on a connection made between higherorder models and theorems on minimal sets of independent invariants as derived from invariants theory in general relativity. Various theorems demonstrate how for a given type of symmetry and source of the spacetime, there exist a unique basis of curvature invariant in terms of which the other invariants can be written.
We found that the approach allows one to narrow the basic building elements to two invariants {R, R1} in the case of interest covering all the Friedmann-Lemaitre-Robertson-Walker manifolds.
We showed that as a result of the independent nature of the invariants used, the approach allows one to avoid any undesired redundancies in the dynamical equations.
We investigated some examples built from the basis {R, R1} using dynamical system analyses supplemented by analytical calculations and found that some combinations have cosmological evolution with late-time self-accelerating phase and do allow for a passage from a matter dominated phase to a cosmic acceleration phase.
Another class of models that need to be considered using the basis approach is that of models with strong coupling between curvature invariants and scalar fields, see for example [7, 48, 49, 50] and references therein.
Finally, the models discussed here need to be subjected to further physical acceptability constraints and comparisons with astronomical data at solar system level and cosmological scales. Such a study will be presented elsewhere [51] .
